Motivation: A significant difference in the distribution of a feature between two gene sets can provide insight into function or regulation. This statistical setting differs from much of hypothesis testing theory because the genome is often considered to be effectively fixed, finite and entirely known in commonly studied organisms, such as human. The Mann-Whitney U test is commonly employed in this scenario despite the assumptions of the test not being met, leading to unreliable and generally underpowered results. Permutation tests are also commonly employed for this purpose, but are computationally burdensome and are not tractable for obtaining small P values or for multiple comparisons. Results: We present an exact test for the null hypothesis that gene set membership is independent of the quantitative gene feature of interest. We derive an analytic expression for the randomization distribution of the median of the quantitative feature under the null hypothesis. Efficient implementation permits calculation of precise P values of arbitrary magnitude and makes thousands of simultaneous tests of transcriptome-sized gene sets computationally tractable. The flexibility of the hypothesis testing framework presented permits extension to a variety of related tests commonly found in genomics. The exact test is used to identify signatures of translation control and protein function in the human genome.
Introduction
Insights into mechanisms of gene regulation or biological function can be gained by comparing the distribution of a quantitative feature between two sets of genes or transcripts. The quantitative feature of interest is often a gene or transcript property such as 5 0 or 3 0 untranslated region (UTR) guanine-cytosine (GC) content, usage of a particular codon, or coding sequence length. The gene sets are often defined according to the outcome of a differential expression analysis or by common functional or molecular pathway annotations. A significant difference in the distribution of the quantitative feature of interest between the two gene sets suggests an association between the feature analyzed and the experimental treatment applied or the annotated classification of the genes, for example, and can aid in the formulation of hypotheses for further investigation.
Advances in genome assembly and genetic element identification have nearly comprehensively annotated all of the genes and their transcript structure in the human genome (Harrow et al., 2012; International Human Genome Sequencing Consortium, 2004) , as well as for numerous other organisms. Now, it is increasingly common for researchers to ask how a specific subset of genes differs from another set of genes or the rest of the genes in the genome with respect to a quantitative property of interest. Recent example questions of this nature include: do cell cycle-specific translationally regulated genes have unusually short 5 0 untranslated regions (UTRs; Stumpf et al., 2013) ? Are expressed zygotic genes and maternal genes expressed in the fertilized egg unusually short or long (Heyn et al., 2014) ? Do genes that are translationally upregulated upon induction of tumor suppressing protein p53 have coding sequences with unusually high GC-content (Zaccara et al., 2014) ? Do genes expressed more highly in total RNA than in cytoplasmic RNA have more microRNA target sites or longer coding sequences (Solnestam et al., 2012) ? All of these questions are posed in the context of particular subsets of the genome, where the genome is often considered to effectively be a fixed, fully specified population of genes that are all known to the researcher. Despite its assumptions being unmet, the Mann-Whitney U (MWU) test, also called the Wilcoxon rank-sum test, is frequently employed to test significance in these scenarios (Bao et al., 2016; Capra et al., 2010; Cenik et al., 2011; Cirillo et al., 2014; Clark et al., 2012; Derrien et al., 2012; Guo et al., 2010; Heyn et al., 2014; Ingolia et al., 2011; Jeffares et al., 2008; Kutter et al., 2012; Mi et al., 2013; Palmieri et al., 2014; Qiu et al., 2012; Schafer et al., 2015; SchnallLevin et al., 2011; Spies et al., 2013; Stumpf et al., 2013; Thoreen et al., 2012; Tirosh et al., 2015; Tuch et al., 2010; Washietl et al., 2014; Williams et al., 2014; Young et al., 2010 Young et al., , 2012 Zaccara et al., 2014; Zhang et al., 2014; Zhu and Niu, 2013) . Below it is shown that application of the Mann-Whitney U MWU test to these settings gives unreliable P values because it does not account for the known, finite nature of the genome. As the population size increases and sample size is held constant, the P values obtained from the MWU test do not asymptomatically approximate the true P values, but rather are orders of magnitude weaker. The same is shown for the Sign test.
This statistical setting, in which the large, finite population is considered entirely known to the statistician, differs from the classic problem setting in statistics in which the population is unknown except for one or more samples. A general problem statement for this known population setting can be stated abstractly as follows: consider a finite set of real numbers V ¼ fv 1 ; . . . ; v N g and a subset S ¼ s 1 ; . . . ; s n f g & V, both of which are completely known and specified. Is the median of the subset smaller than expected by chance? We call this the Known Population Median Problem.
Here, the subset S may be the gene set of interest and its complement would be the 'background' set of genes. Although permutation tests can be applied to this problem, these methods are impractical for even moderate set sizes. Accurate estimates of P values are bounded by the number of permutations, therefore, accurately estimating small P values (< 10 À7 ) which are common in genomics is prohibitively burdensome computationally. Further, in a multiple comparisons problem, truncated or inaccurate or incorrectly computed P values generated by permutation tests will compromise or render unreliable multiple hypothesis testing correction procedures (Harrison, 2012; Phipson and Smyth, 2010) , such as Bonferroni correction or the False Discovery Rate (FDR; Benjamini and Hochberg, 1995) . Thus, a permutation test approach to the Known Population Median problem is only pragmatic under the severely restrictive case of having a small number of hypothesis tests on small set sizes. Here, the Known Population Median Problem is formalized in a statistically rigorous hypothesis testing framework. The knowledge of the entire finite population is leveraged to derive an analytic expression for the randomization distribution of the median of a subset, and an exact test for the Known Population Median Problem is presented. This test, called the Known Population Median Test, is computationally accurate and fast, and naturally handles repeated values in the population as well as integer and ordinal data. Moreover, the analytical framework is sufficiently flexible to also test for differences based on quantiles other than the median and to test absolute differences in values instead of quantiles.
The application of the Known Population Median Test is demonstrated through frequently encountered scenarios in genomics, showing that certain functionally important sets of genes in humans are enriched for specific structural or chemical properties, and revealing new connections between translation efficiency and cell differentiation. An efficient implementation of the Known Population Median Test for the popular statistical programming language R is made publicly available online in the CRAN repository (R Core Team, 2013 The MWU test is widely considered to be a test of medians, but the conditions under which the MWU test actually tests for difference in median are severely restrictive and almost never encountered in practice (Divine et al., 2017; O'Brien and Castelloe, 2006; Vargha and Delaney, 1998) . Moreover, these conditions are by definition never satisfied in a finite population setting, such as genomics.
The MWU test is a test of stochastic equality of the distributions F 1 ; F 2 over populations P 1 ; P 2 using samples
The MWU test statistic is: Birnbaum, 1956; Divine et al., 2017; Mann and Whitney, 1947; O'Brien and Castelloe, 2006; Vargha and Delaney, 1998) . The null and two-tailed alternative hypotheses are, respectively: 
Using these two samples, the MWU test derives a P value for the null hypothesis H 0 : q ¼ 0:5. Estimates and 95% confidence intervals for the 'true' q of the population can be computed (Birnbaum, 1956; Divine et al., 2017; O'Brien and Castelloe, 2006) . But estimates and 95% confidence intervals need not be made as the true population statistic q is trivial to compute because the whole genome is known. Furthermore, there is no 'larger population' from which the two 'samples' were drawn-they are not samples and together are the whole population, i.e. genome-and there are no unknown distributions F 1 ; F 2 sampled from.
As such, the basic definitions, problem formulation, computations and inferences of the MWU test are nonsensical in settings in which the entire population is finite and known, such as genes in the genome. It is shown below that the MWU test does not provide approximate or asymptotically accurate P values in the finite, known population setting either.
Sign test
In the one-sample Sign test, the null hypothesis posits that the median of the distribution from which the sample was drawn is some specified value m. Under the null hypothesis, the Sign test supposes that it is equally like for an observation to fall above or below the proposed value m, and so a binomial distribution with probability of success P ¼ 0.5 is used to derive a P value. Here, the Sign test does not account for the finite population size because the null hypothesis assumes Bernoulli trials, i.e. the binomial distribution supposes that each observation has equal probability P ¼ 0.5 of falling above or below m, akin to sampling with replacement. However, because the population is known and finite, the sample was in fact drawn without replacement. Thus, the Sign test is not appropriate for application to known, finite populations. It is shown below that the Sign test does not provide approximate or asymptotically accurate P values in the finite, known population setting either.
3 An exact median test for a known population
A new framework
The key conceptual incompatibility of the MWU test and the Sign test for the known population setting is that that MWU test and Sign test seek inference regarding supposed distributions from which the 'samples' were drawn. By contrast, the motivating question in the known population setting is whether the random process defining subset membership is independent of the quantitative feature or not. This concept is highly similar to the core concept of the Hypergeometric test, which tests if the random process which generates samples from the population is independent of the subset membership of population, i.e. independent of the color of the balls in the urn, to use a common analogy in statistics.
Here, we derive an exact test to determine if the process defining set membership is independent of the quantitative feature being queried.
Defining the median
The core principle of the median is that half of the data lies below the median and half lies above the median. For an even-sized set x 1 ; . . . ; x n f gwith n ¼ 2i, the median is conventionally defined as xiþxiþ1 2 . This definition may be useful for descriptive statistics, but for our hypothesis test, it is complicating. In hypothesis testing, the goal is to assess differences in the distributions of two sets, for which the median serves as a useful, simple description of the location of a distribution. Using the conventional median definition above does not aid our formulation of a hypothesis test, and is not even essential. Instead, we use the following definition of the median:
Definition: Given a set X ¼ x 1 ; . . . ; x n f g with 8i < j : x i x j , the function m computes the median as:
In the sense of m, the median is the smallest member of X that is greater than or equal to at least 50% of the members X. In this formulation, the conventional concept of median is preserved. As seen below, this definition is simpler to work with, as it guarantees that the median value is actually a member of the set.
Formulation
Let V be an ordered set of N real numbers. Let S n denote the set of all possible subsets of V of size n < N for some fixed n. Let Y be a random variable taking values in S n . For instance, V may represent the lengths of the coding regions of the $19 000 annotated protein coding genes in the human genome, and Y may represent a set of genes identified as differentially expressed following an experiment. Our test statistic is the median mðYÞ of Y. We now state the null hypothesis to be,
For simplicity, we take the alternative hypothesis to be,
though we show below that other alternative hypotheses can easily be accommodated using the framework presented here.
Tail probability
We now derive the randomization distribution of the test statistic m Y ð Þ under the null hypothesis. Under the null hypothesis, Y represents a random sample without replacement of size n from V. Denote our observed dataset by, y ¼ fy 1 ; . . . ; y n g V; where 8i < j : y i y j ;
and let t ¼ n 2 AE Ç be the index in the observed dataset y of the median mðyÞ, i.e. y t ¼ mðyÞ.
Since V is a finite, fixed population, we can enumerate all of the possible elements of V which can serve as the median, in the sense of m (Equation 1), of a subset of V of size n, where the median is mðyÞ. We then define U to be the set of indices x of elements v x 2 V that can serve as the median of a subset of V of size n with median mðyÞ. Formally:
Then, fixing an element x 2 U, enumerative combinatorics gives the number of ways to choose a sample of size n from V whose median value is v x as xÀ1 tÀ1
We can now calculate the P value for our hypothesis test:
Here, log P can be computed from Equation (2) by approximating the logarithm of the factorials using Stirling's approximation, or computing them explicitly, if sufficiently small. Note that ties are naturally and appropriately handled through the definition of m (Equation 1). Thus this exact test, which we call the Known Population Median Test, is valid even for populations and samples containing repeated values and ordinal data. This is especially important for genomics scenarios concerned with integer data, such as gene, coding sequence, or UTR lengths, among others. 
Extensions for other statistics of interest
The test was defined in terms of the median for ease and popularity, but any other quantile q can be used simply by adjusting the definition of m and generalizing t into two quantities (the number of subset element below/above the desired quantile q).
Implementation
An implementation is freely available in the package kpmt on the CRAN package repository, coded in the popular statistical programming language R (R Core Team, 2013) . This implementation efficiently accommodates and optimizes for batch processing of datasets (e.g. one set of genes with several quantitative properties to be tested). It approximates factorials by a Stirling series truncated up to and including the O n À3 À Á term; thus, the error is O n À5 À Á . Internally, this implementation uses the plyr (Wickham, 2011) , dplyr and matrixStats packages. The use of the Stirling approximation to calculate logp from Equation (2) establishes the time complexity for calculating the tail probability as O N ð Þ. As the calculation of the log P value as described involves logsum-exp calculations and approximations via the Stirling series, computational precision should be checked. To evaluate the accuracy of the computation of log P via this method, N ¼ 50 points were randomly sampled from a standard normal distribution to construct the population V. The cumulative distribution function (CDF) of the median for size n ¼ 10 subsets was then estimated by randomly sampling without replacement 10 8 subsets of size n ¼ 10.
The error in the empirical CDF is negligible, thus demonstrating that the implementation does not suffer from approximations or computational underflow ( Supplementary Fig. S1 ).
Comparison with other tests

Permutation tests and the Mann-Whitney U test
Commonly used approaches to obtain a P value for the Known Population Median problem include the permutation test, the MWU test and the Sign test. In practice, permutation tests have limited accuracy and are computationally burdensome, as accurate estimates of P values as small as 10
Àx require more than 10 x samples. As such, permutation testing is computationally intractable for estimating small P values and in multiple hypothesis testing scenarios. Accurately estimating small P values, rather than reporting a P value to fall below a threshold, is necessary for applying a multiple hypothesis correction procedure such as Bonferroni correction or an FDR controlling method (Benjamini and Hochberg, 1995) . Further, P values are often computed incorrectly from permutation tests in genomics (Phipson and Smyth, 2010) and are understated by 1/x, possibly compromising the performance of a multiple hypothesis correction procedure (Phipson and Smyth, 2010) . As shown above, the assumptions of the MWU test are not satisfied in the known population setting. Nonetheless, it is frequently applied in this setting, presumably with the assumption that it provides a reasonable approximation, or that its P values are asymptotically approximate for a large population (Bao et al. Thoreen et al., 2012; Tirosh et al., 2015; Tuch et al., 2010; Washietl et al., 2014; Williams et al., 2014; Young et al., 2010 Young et al., , 2012 Zaccara et al., 2014; Zhang et al., 2014; Zhu and Niu, 2013) . The Sign test can also conceivably be applied, despite its assumptions being unmet either. It is also conceivable that for large populations with approximately normally distributed quantitative features, the t test may also give asymptotically approximate P values, despite that it analyzes the mean rather than the median. To evaluate the quality of the approximations and the asymptotic behavior of P values obtained by applying the MWU test, Sign test, or t test to the Known Population Median Problem, the following simulations were performed.
Random samples of sizes N 1 ¼ 5 x 10 3 ; N 2 ¼ 5 x 10 4 ; N 3 ¼ 5 x 10 5 were drawn from a standard normal distribution to form three simulated populations V 1 ; V 2 ; V 3 , respectively. To perform the tests below, the subset size was fixed at n ¼ 1000, and several target P values were considered: P ¼ 0:15; P ¼ 0:01; P ¼ 10
À5
and P¼ 10 À10 . In other words, these simulations analyze the asymptotic behavior of the MWU test, Sign test and t test as the ratio of subset size to population size decreases, with subset size being fixed.
For a given population V and target P value P, the population value w 2 V was found for which a subset of size n with median w had P value P, i.e. P m Y ð Þ w ð Þ ¼ P; where Y is a random variable representing a subset of V of size n. It is straightforward to identify w 2 V because V is known. Then, 1000 subsets S 1 ; . . . ; S 1000 each of size n ¼ 1000 were randomly sampled from V such that 8i : m S 1 ð Þ ¼ w. Randomly sampling S 1 ; . . . ; S 1000 with this constraint is straightforward due to the definition of median used here (Equation 1). By construction, this means that 8i P m Y ð Þ mðS i Þ ð Þ ¼ P, i.e. each subset S 1 has P value ¼ P. Although each subset S 1 ; . . . ; S 1000 has identical median by construction, the location statistics computed by the MWU test, Sign test and the t test will vary according to the values of the subset. Thus, while the Known Population Median Test returns, by construction, the identical P value for each subset S 1 ; . . . ; S 1000 , the P values returned by the MWU test, Sign test and t test vary. These simulations analyze the extent to which the P values returned by the MWU test, Sign test and t test vary from the true P value, as calculated by the Known Population Median Test, for different subsets with identical medians.
The MWU test, Sign test and t test return a broad range of P values for subsets with identical medians, and thus, identical true P values (Figs 1 and 2 , and Supplementary Figs S2 and S3). The P values returned by each test are generally weaker than the true P value, though for some samples each test also returns P value smaller than the true P value. For subsets with true P value 0.01, the tests have substantial Type I and Type II error rates. For subsets with true P value as large as 0.15, both tests still make Type I errors. And even for subsets with P values as small as 10 À5 , the tests have substantial Type II error rates. Further, such erroneous results persist asymptotically in population size and when subset size is held constant (Fig.  2) . This demonstrates that the MWU test, Sign test and t test do not offer approximate or conservative P values to the Known Population Median Problem, but rather give unreliable P values regardless of population size.
Connection to the hypergeometric test and Fisher's exact test
The summand in Equation (2) has the form of the hypergeometric probability mass function. For the hypergeometric test, P values are obtained by fixing all parameters and summing over the number of observed successes in the sample. The Known Population Median Test differs from the hypergeometric test in that, by analogy, it fixes the number of successes in the sample and instead sums over the number of successes in the population. Thus, the Known Population Median Test differs from the hypergeometric test in the index of summation. This crucial distinction in the index of summation also distinguishes the Known Population Median Test from earlier work on rank imbalance, including Yakhini's work on the minimal hypergeometric (mHG) for transcription factor binding sites and motif discovery (Eden et al., 2007) , which analyzed minima relating to the cumulative distribution function of the hypergeometric distribution. The dependence of both limits of summation on the 'number of successes in the population' of the mHG compared to the fixed limits of summation in the Known Population Median Test is a further important distinction between these two perspectives on rank imbalance. Fisher's Exact Test, based on the hypergeometric distribution, analyzes a contingency table with fixed margins (Fisher, 1922) . By analogy, the summand in Equation (2) 
Applications in genomics
The Known Population Median Problem arises frequently in genomics. In practice, a researcher first identifies a set of genes as interesting using, e.g. a method for assessing differential gene expression (Ritchie et al., 2015) or a knowledge database providing classifications of genes by function, composition or other features (Ashburner et al., 2000; Mi et al., 2013; Negi et al., 2015; Ogata et al., 1999) . Post-hoc, the researcher then aims to discern if a certain quantitative property, such as the amino acid composition of a protein or the length of the gene's coding sequence or 5 0 or 3 0 UTR, is significantly larger or smaller for the genes of interest than for the rest of the genes in the organism's genome or compared to another gene set of interest. If the quantitative property of the genes of interest is significantly smaller or larger than expected by chance, this may provide insights into the mechanism of gene expression modulation or the function of the proteins coded by the genes, for instance. An important example that arises relates to the identification of translationally controlled gene expression (Stumpf et al., 2013) . For instance, it has been postulated that various features of a gene's messenger RNA (mRNA) transcript contribute to translational control, including 5 0 UTR length, the coding sequence or 5 0 -UTR GCcontent, and the relative usage of particular amino acids or codons within the open reading frame (Araujo et al., 2012; Stumpf et al., 2013) . We first tested whether the genes in the human genome involved in olfactory receptor activity, as defined by the Gene Ontology Consortium (Ashburner et al., 2000) , a specialized class of membrane signaling proteins, have a 5 0 UTR GC-content that significantly differs compared to the rest of the genes in the human genome. The Known Population Median Test gives a P value of 1.6 Â 10
À40
, indicating that olfactory receptor-related genes have an unusually low GC-content in their 5 0 UTRs. Biologically, such a low GC-content may suggest that the 5 0 UTRs of these genes are 
comparatively lowly-or weakly-structured, rendering these genes more easily translated into proteins by ribosomes (Araujo et al., 2012) and thus possibly translationally controlled. Another realm of application relates to identifying properties of a protein's amino acid sequence that relate to its structure or function. Analyzing the usage of the amino acid cysteine in the protein coding sequence of human genes that are specifically expressed in skin tissues, the Known Population Median Test shows that skin tissuespecific genes are significantly enriched for cysteine amino acids, with a P value of 7.5 Â 10
À18
. This finding is biologically reasonable, as cysteines can form disulfide bonds which contribute to mechanical resilience in skin cells (Strasser et al., 2015) , providing an important functional property for human hair through protein structure.
Ribosome profiling is a powerful technique for analyzing gene expression at the translation level (Ingolia et al., 2009 ) and permits genome-wide assessment of translation efficiency, defined as the ratio of mRNA abundance in translating ribosomes to mRNA abundance in total RNA (Ingolia et al., 2011) . Translation efficiency has emerged as an important though less thoroughly studied aspect of gene expression regulation. A recent study investigated changes in translational regulation during normal differentiation of mouse embryonic stem cells to embryoid bodies (Ingolia et al., 2011) . The MWU test was applied to all gene ontology categories to identify functionally and structurally coherent gene sets exhibiting common changes in translation efficiency. Though widely applied to these kinds of problems, the MWU test is inappropriate for application to this problem for the reasons described above. As expected from the demonstrations of the inaccuracy and weakness of the MWU, applying the Known Population Median Test leverages substantial additional power. Dozens of additional GO categories were identified (FDR < 0.01) as overrepresented for exhibiting consistent changes in translation efficiency during differentiation that were not previously reported, including gene sets with known relevance to differentiation such as genes involved in keratin filament (Kartasova et al., 1993; Lä hdeniemi et al., 2017) , cell-cell junction (Pieters and van Roy, 2014) , Golgi apparatus (Au et al., 2015; Bassnett, 1995; Kasap et al., 2011) and endoplasmic reticulum (Golob et al., 2008) . Thus, not only is it incorrect to apply the MWU test to this problem, but it also fails to identify gene sets of known physiological relevance during mammalian cell differentiation.
Discussion
The Known Population Median Problem arises in scenarios wherein the entire population is specified and known to the statistician. Prime examples abound in genomics, wherein identified genes of interest are subsets of the effectively known and fixed set of genes that comprise the organism's genome. Here, the first formal exact solution, called the Known Population Median Test (KPMT), is presented, together with a computationally accurate and fast implementation in the popular statistical programming language R. The MWU test, while frequently applied to the Known Population Median Problem, is here shown to be inappropriate and produce unreliable results in this setting, with substantial Type I and Type II error rates. The Sign test and t test are similarly shown to be inappropriate and unreliable for the known population median problem as well. The utility of the KPMT has been demonstrated through application to common scenarios in genomics by identifying functionally relevant traits of important gene sets in the human genome and through a genome-wide analysis of translation efficiency. The framework for the KPMT is sufficiently flexible that slight adjustments to its definitions and formulation can be made to create exact hypothesis tests for a broad range of statistics of interest within the setting of the Known Population Median Problem.
The validity, efficiency and reliability of the MWU test or Sign test are here neither disputed nor challenged. Rather, the above simulations and examples emphasize the importance of verifying assumptions and applying an appropriate statistical test to the problem at hand. The comparison presented here demonstrates the pitfalls of inappropriate application of an otherwise valid and powerful statistical test.
The KPMT is not comparable, interchangeable, or approximate to the MWU test or Sign test because they apply to distinct statistical scenarios with incompatible assumptions. Namely, the MWU test uses samples to draws inference on distributions over larger populations, whereas the KPMT examines the process of partitioning the known population. The Sign test assumes sampling with replacement, whereas the KPMT assumes sampling without replacement. In this sense, the difference in the problem settings between the Sign Test and the KPMT is analogous to the difference between the binomial test and hypergeometric test settings.
Biological settings in which the MWU test, but not the KPMT, is applicable involve non-competitive gene comparison. For instance, the MWU test is appropriate for contrasting measurements, such as expression or intensity, for the same gene between conditions or tissues. The MWU test is also appropriate for comparing values between two non-overlapping gene sets for which the whole genome is not known or for which values cannot be obtained for the rest of the genes in the genome. For instance, this may arise in targeted experiments where measurements are only obtained for small subset of genes. On the other hand, any post hoc test contrasting values between a gene set and the rest of the genome is in the realm of the KPMT. In other words, any analysis that contrasts a gene set against a 'background' of the rest of the genes in the genome or assay is within the realm of the KPMT.
